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Abstract

The distribution and characteristics of surface cracking (i.e., sub-surface damage or SSD) formed during standard grinding processes
have been measured on fused silica glass using a surface taper polishing technique. The measured SSD depth distributions are described
by a single exponential followed by an asymptotic cutoff in depth. The observed surface cracks are characterized as near-surface lateral
and deeper trailing indent type fractures (i.e., chatter marks). The length of the trailing indent is strongly correlated with a given grinding
process. It is shown that only a small fraction of the abrasive particles are being mechanically loaded and causing fracture, and most
likely it is the larger particles in the abrasive particle size distribution that bear the higher loads. The SSD depth increased with load
and with a small amount of larger contaminant particles. Using a simple brittle fracture model for grinding, the SSD depth distribution
has been related to the SSD length distribution to gain insight into ‘effective’ size distribution of particles participating in the fracture.
Both the average crack length and the surface roughness were found to scale linearly with the maximum SSD depth. These relationships
can serve as useful rules-of-thumb for non-destructively estimating SSD depth and for identifying the process that caused the SSD.
Published by Elsevier B.V.
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1. Introduction

Sub-surface mechanical damage (SSD) consists of sur-
face micro-cracks created during grinding and/or polishing
of brittle materials surfaces, such as glass. These surface
cracks, typically identified macroscopically as scratches
and digs, are often hidden below an index-matched Bielby
layer or have closed (i.e., healed); hence they are all not
detectable by visual inspection or standard optical micros-
copy until exposed by chemical etching [1]. In some appli-
cations, the removal or minimization of SSD is required for
improving the material strength (e.g., spacecraft, underwa-
ter windows/barriers, and other military applications)
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where the surface flaws determine the ultimate strength
or for reducing/eliminating laser-induced damage (e.g.,
high-peak-power laser applications [2]). For laser optic
applications, SSD is believed to serve as a reservoir for
absorbing precursors that will heat up and explode upon
irradiation with high fluence laser light [3]. As a result,
the fabrication of SSD-free optics/windows has been a goal
for the optical fabrication industry for many years [4–6].

The creation of SSD can be thought of as the repeated
indentation of mechanically loaded hard indenters (abra-
sives) sliding on the surface of an optic during various cut-
ting, grinding and polishing processes. The initiation and
growth of the three basic types of cracks (lateral, radial,
Hertzian) resulting from a single, static indenter as a func-
tion of load, material properties of the indenter and sub-
strate are known (see Fig. 1 and discussion in Section
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Nomenclature

vh Hertzian crack depth growth constant (unitless)
v‘ lateral crack depth growth constant (unitless)
vr radial crack depth growth constant (unitless)
hci mean crack depth (m)
hdi mean particle size causing surface fracture (m)
hLi mean crack length (m)
A Auerbach’s constant for initiation of Hertzian

fracture (N/m)
a contact zone radius for a Hertzian indent (m)
B friction effect constant for trailing indent frac-

ture (unitless)
ch Hertzian crack depth (m)
c‘ lateral crack depth (m)
cmax maximum crack depth (m)
cr radial crack depth (m)
ct trailing indent crack depth (m)
d abrasive particle size (m)
dc mean abrasive particle size (m)
dc mean particle size of abrasive used during pol-

ishing
dmax maximum particle size causing surface cracking

(m)
doptic diameter of optic/workpiece (m)
E Young’s modulus of optic/workpiece (GPa)
Ep Young’s modulus of abrasive particle (GPa)
f fill fraction of particles between lap and work-

piece
Fc(c) cumulative distribution of crack depths
Fc(c) fractional distribution of crack depths
Fd(d) cumulative distribution of particle sizes partici-

pating in causing surface cracking
fd(d) fractional distribution of particle sizes partici-

pate in causing surface cracking
FL(L) cumulative distribution of crack lengths
FL(L) fractional distribution of crack lengths
fload(c) fraction of particles being loaded for various

crack depths (unitless)
fo(c) instantaneous fractional distribution of crack

depths created
i number of increments of material removal (unit-

less)

k material constant for Poisson’s ratio and modu-
lus of indenter and substrate (unitless)

KIc fracture toughness of optic/workpiece (MPa m1/2)
KIc fracture toughness of fused silica
kmax proportionality constant between cmax and d
L crack length (m)
Lmax maximum crack length (m)
Lt length of a trailing Indent crack (m)
n number density of cracks at the surface (cm�2)
NL number of abrasive particles being loaded
NT total number of particle between workpiece/op-

tic and lap
O(c) cumulative obscuration of cracks
o(c) fractional obscuration of cracks
P normal load (N)
Pch fracture initiation load for Hertzian cone crack

(N)
Pc‘ fracture initiation load for lateral crack (N)
Pcr fracture initiation load for radial crack (N)
Pct fracture initiation load for trailing indent crack

(N)
Pmax load/particle that leads to the maximum SSD (N)
PT total load on sample (N)
r radius of curvature for indent indenter (m)
s shape factor relating the radius of curvature of

contact of the particle with the vertical dimen-
sion of the particle

t time of grinding or polishing (sec)
w crack width (m)
z coordinate describing amount of material re-

moved during grinding/polishing (m)
zw wedge depth (m)
drms root-mean-square surface roughness
d surface roughness using (n* = 4)
D surface material removal increment (m)
X proportionality constant between crack length

and depth (unitless)
ar fracture initiation constant for radial cracks

(unitless)
m Poisson’s ratio of optic/workpiece (unitless)
mp Poisson’s ratio of abrasive particle (unitless)

P
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Fig. 1. Schematic illustration of the fracture geometry of the idealized
fractures created by static indentation: (a) Hertzian cone crack from a
blunt indenter; (b) radial or median cracks from a sharp indenter; (c)
lateral crack from a sharp indenter.
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4.1) [7,8]. These relationships have served as the basis for
estimating material removal during grinding of brittle
materials [9,7,10]. Others have utilized these basic fracture
relationships, combined with experimental data, to relate
the SSD depth to basic processing parameters such as load,
abrasive size and the resulting surface roughness [11–13].
Preston was among the first to recognize the presence of
SSD on finished surfaces and that etching exposes the chat-
ter mark cracks (which we will refer to as trailing indent
fractures) [14]. Since then, a wide variety of destructive
and non-destructive techniques for measuring the amount
and depth of the SSD have been explored [13,15–19]. Some
of the more direct SSD measurement techniques include
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the ball-dimple method [20], taper polishing method [21],
and more recently a MRF spot method [22], where the
ground or finished surface is partially removed to evaluate
the depth of the SSD.

In the following study, we use a taper polishing method,
where various ground, fused silica surfaces are subse-
quently treated by an advanced finishing technique (mag-
neto-rheological finishing or MRF), known not to induce
SSD, to create a shallow surface taper over relatively large
areas to determine the statistical distribution of SSD [23–
25]. We then apply known indentation fracture and wear
relationships [7,8,4] to establish insights into the nature
of the cracking, the load per particle present, the shape
of the distributions, and the maximum SSD depth. Such
a data set combined with fracture mechanic insight serves
as a means to understand and to predict a SSD distribution
for a given grinding/polishing process and to serve as use-
ful tool for performing and designing optical fabrication
processes.

2. Experimental

2.1. Sample surface preparation

Twelve round fused silica glass (Corning 7980) samples
(10 cm diameter · 1.0 cm thick) labeled as Samples A–L
were ground and polished such that they contained minimal
subsurface damage. One face of each sample was then trea-
ted by one of several standard grinding processes. Sample A

(Sandblasted) was sand blasted (Zero Blast-n-Peen Model
NPGS-4) using 300 lm Al2O3 abrasive for 15 min. Sample

B (120 grit Coarse Blanchard) was ground by a generator
on a Blanchard Model 11A20 using a 120 grit (125 lm) dia-
mond in metal matrix tool (downward feed rate = 250 lm/
min, rotation rate = 45 rpm, time = 20 sec). Sample C (150
grit Coarse Blanchard) was ground by a generator on a
Blanchard Model 11 using a 150 grit (100 lm) diamond in
resin matrix tool (downward feed rate = 230 lm/min, rota-
tion rate = 41 rpm, time = 20 sec). Sample D (15 lm Loose
Abrasive) was ground on a Strasbaugh Model 6Y2 grinder
using 15 lm Al2O3 abrasive (Microgrit WCA15T) in water
on a Pyrex glass lap (load = 25 N, lap rotation rate =
16 rpm, time = 1 h). Sample E (15 lm Fixed Abrasive)
was ground on a Strasbaugh (Model 6DA-DC-2) using
15 lm diamond fixed abrasive in an epoxy matrix (Gator
Fig. 2. Schematic illustrating the step in the wedge te
Diamond) (load = 25 N, lap rotation rate = 16 rpm,
time = 1 h). Sample F (9 lm loose Abrasive) was ground
on a Strasbaugh Model 6Y2 grinder using 9 lm Al2O3 abra-
sive (Microgrit WCA9T) in water on a Pyrex lap (load =
25 N, lap rotation rate = 36 rpm, time = 1 h). Sample G

(7 lm Fixed Abrasive) was ground on a Strasbaugh Model
6DA-DC-2 grinder using 7 lm diamond fixed abrasive in an
epoxy matrix (Gator Diamond) (load = 25 N, lap rotation
rate = 16 rpm, time = 1 h). Samples H–L were prepared
as variations or sequences of the treated samples described
above, which are described in more detail in Section 3. The
surface roughness for each of the treated surfaces was mea-
sured by a contact stylus profilometer (KLA Tencor P-10
surface profiler). Scans were made on four random areas
of 5 mm length on each the samples; no filtering was per-
formed. The calculation of the roughness is described in
Section 4.5.

2.2. SSD damage measurement

Fig. 2 shows a schematic of the process used to measure
the SSD distribution for a given surface. The details of this
process are outlined elsewhere [23] and are briefly described
here. Each treated sample was (1) polished by a MRF
(QED Q22-Y; using (a) nano-diamond based fluid com-
mercially available from QED (D-10) maintained at a vis-
cosity 50 cp, (b) 100 rpm pump speed, (c) 12 Amp field
intensity, and (d) a 50 mm wheel at 405 rpm) to create a
precise, shallow, linear wedge (over a 6.5 cm square patch)
having a maximum depth ranging from 18 to 108 lm
depending on the sample; (2) etched in BOE (buffered oxide
etch; 40% NH4F:49% HF ratio of 20:1) for �20 min to
expose the cracks on the surface; (3) documented by bright
field transmission optical microscopy (Nikon Optiphot
300) at 75· and 300· magnification at various distances
along the surface wedge; and (4) analyzed by image analy-
sis (using ImageJ software) to determine the length and
depth distribution of cracks.

Image analysis was performed by first thresholding the
microscope images to create binary renderings such that
the cracks on the surface were dark pixels and the back-
ground was white. For the crack depth distribution data,
the cumulative crack obscuration (fraction of the area that
is composed of cracks) was calculated by counting the frac-
tion of dark pixels in each image at various distances along
chnique to determine the SSD depth distribution.
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the wedge (i.e., corresponding to the depth into the original
sample surface). Multiple images were often utilized in the
analysis at a given distance along the wedge when the num-
ber of observed crack features was low to establish better
statistics (i.e., to reduce the error bar). To determine the
crack depth at various distances along the wedge, needle
profilometery (KLA Tencor P-10 surface profilometer)
was performed along the wedge surface relative to a previ-
ously laser inscribed reference point on the sample surface.
The wedge profile was found to be linear, and the crack
depth (c) was calculated using the distance along the wedge
and the slope of the measured profile (from a simple linear
fit to the measured profile).

For the crack length distribution, the obscuration of
each of the individual, isolated cracks (not cracks that
intersected each other) was determined. The crack length
distribution was then calculated by dividing the obscura-
tion of each crack by the average crack width. The crack
width is only a function of the etch time, and hence con-
stant for a given sample. Also, the crack length distribution
was found to be independent of the crack depth or distance
along the wedge; hence the lengths of the isolated cracks
were calculated at all depths along the wedge. Between
300 and 12000 cracks were characterized for each sample
to obtain the crack length distributions.

The error in the obscuration was calculated by repeat-
edly measuring (3–5 times) a single sample at different loca-
tions and determining the repeatability of the obscuration
measurement. The variability in the data is different for dif-
ferent obscuration ranges, since the measured obscuration
often spans six orders of magnitude. At high obscurations
(0.1–1), the repeatability is ±2%; at medium obscurations
(10�2–10�3), it is ±25%; and at low obscurations (10�4–
10�6), it is ±125%. The error in the measured depth is gov-
erned by the range of depths observed in a single image and
the slope of the wedge, as prepared. Most of the analysis
was performed at 75· which had a field of view of
1.78 mm. For shallow wedges (18 lm), the depth range is
±0.3 lm; for medium wedges (50 mm), it is ±0.7 lm; and
for deeper wedges (108 mm), it is ±1.6 lm. Note that no
obscuration data was collected in the first two microns of
depth, because slices that thin on the wedge were not
created.

2.3. Measurement of fused silica indentation parameters

On a separate polished fused silica surface, a series of
Vickers (sharp) indents were applied on fused silica at dif-
ferent loads ranging from 0.1 to 20 N. Also, a series of Bri-
nell indents (radius 1 mm) were applied on fused silica at
different loads ranging from 15 to 130 N. The indents were
prepared using a standard Zwick Model T3212 hardness
tester. The sample was then etched in buffered oxide etch
(BOE) (20:1) for 20 min. The depths of the radial crack
from the Vickers indent were determined as half of the
average of the two radial crack diameters visible on the sur-
face. The depths of the lateral cracks from the Vickers
indents were determined by the change in focus from the
substrate surface to bottom plane of the lateral fracture.
The size of the Hertzian cone fractures (ch) were calculated
from the vertical depth of cone fractures into the surface by
change in focus in the microscope, the contact zone diam-
eter, and the diameter of the cone fracture at its deepest
point in surface. The Hertzian cone depths and the Vickers
lateral crack measurements were corrected by the glass’
refractive index of 1.46.

3. Results

3.1. Microscopy of the surfaces

Table 1 summarizes the experimental parameters and
results for the 12 ground samples measured in this study.
Figs. 3 and 4 show a selected series of microscope images
for each sample at various distances along the produced
surface wedge (i.e., depths below the original ground sur-
face) after etching. The crack features observed were typi-
cally visible by optical microscopy only after BOE
etching. The crack number density at the ground sample
surface was very high, such that the individual cracks inter-
sect many other cracks. This rubble-like appearance (not
shown in figure) makes it difficult to categorize the crack
type. However, a few microns below the surface (i.e., after
polishing through the surface layer), one can now identify
distinct individual cracks all of a common morphology
which decrease in number density with depth. For the most
part, these cracks have a ‘trailing indent’ character (com-
monly referred to as chatter marks [1,7] or stick-dig frac-
tures). Fig. 5(a) shows a schematic of the geometry of an
individual trailing indent crack and Fig. 5(b) shows a
microscope image of a series of trailing indent cracks
caused by scratching a glass surface. The crack depth (c)
is the depth of an individual trailing indent crack into the
surface; crack length (L) is the longer dimension of the
crack as viewed on the sample surface in the microscope;
and crack width (w) is the shorter dimension of the crack
as viewed on the sample surface in the microscope image.
Further examination of Figs. 3 and 4 reveals that there is
a characteristic crack length associated with each sample
which scales roughly with the size of the abrasive used to
grind that surface. This characteristic crack length does
not generally change with depth for a given sample.

3.2. Crack depth and length distribution

Figs. 6 and 7 show the measured crack depth and length
distributions for each of the samples. The crack depth distri-
butions are reported in terms of cumulative crack obscura-
tion (crack area fraction) as a function of depth into the
original treated glass surface. Obscuration was used instead
of crack number density as the units to describe the SSD
density because the intersection of cracks near the surface
caused significant uncertainty in the number density count
of the cracking. The shape of the depth distributions follow



Table 1
Summary of data and model parameters for fused silica Samples A–L

Description Variable Sample

A B C D E F G H I J K L
Sandblast 120 grit

generator
150 grit
generator

15 lm Loose
abrasive

15 lm Fixed
abrasive

9 lm
Loose
abrasive

7 lm
Fixed
abrasive

9 lm Loose
abrasive
(220 N)

9 lm Loose
abrasive
(580 N)

9 lm + 0.1 wt%
15 lm loose
abrasive

120/150
grit
generator

120/150 grit
generator
(etch)

Process parameters

Abrasive size (lm) dc 300 125 100 15 15 9 7 9 9 9 100 100
Pressure (psi) q nm nm nm 0.4 0.4 0.4 0.4 4.0 10.4 0.4 nm nm
Rotation rate (rpm) r na 45 41 16 16 16 16 16 16 16 45/41 45/41

Measured values

Wedge depth (lm) zw 108 77 49 34 40 31 18 43 52 51 41 50
SSD depth (lm) cmax 131 79 42 31 18 6 28 25 42 47 44 47
Weighted surface

roughness (n = 4)
(lm)

d 16.1 1.88 0.63 0.63 0.29 0.36 0.27 nm nm nm nm nm

Peak-to-valley surface
roughness (lm)

dPV 38.2 8.55 3.19 3.69 0.76 1.39 1.44 nm nm nm nm nm

Mean crack length (lm) hLi 27 28 15 4.6 4.5 2.0 8.4 7.0/3.3 3.8/18.3 3.7/10 19 18
Maximum load per

particle (N)
Pmax 33 15.3 6 3.7 1.7 0.33 3.4 2.8 6 7.3 6.4 7.1

Pre-exponent for F(L) A 0.83 0.94 1.01 1.31 1.65 1.23 0.83 0.84/0.86 1.74/0.1 0.72/0.81 1.01 1.02
Maximum crack length

(lm)
Lmax 384 174 94 48 28 12 218 30 62 70 175 130

Crack width (lm) w 8.1 5.9 4.4 4.4 4.4 1.5 4.4 5.2 5.2 5.2 4.2 4.1

Fitting parameters

Load/particle (N) PT/NL 0.14 0.05 0.01 0.005 0.003 8 · 10�5 6 · 10�4 1.6 ·
10�4/0.14

1 · 10�3/
0.41

6.9 · 10�3/0.1 1 · 10�2 1 · 10�2

Surface density of
cracks (105 cm�2)

n 2.5 5 15 10 40 3 · 1010 8 4.5 ·
104/0.09

3 · 107/0.03 1 · 104/0.012 15 15

Maximum crack length
(lm)

Lmax nm 234 183 nm 68 68 nm 23 26 47 205 220

Calculated model parameters

Mean effective particle
(lm)

hdi 1380 1500 1000 115 140 206 536 900/10 147/76 54/64 1660 1550

X X 2.9 3.0 4.4 3.2 3.8 10.7 5 8.6/0.9 4.7/0.6 2.4/1.0 4.8 4.8
Mean crack depth (lm) hci 9 9.3 3.4 1.4 1.2 0.17 1.7 na na na 4.0 3.8
Fraction of particles

loaded
FL at
cmax

na na na 5 · 10�7 1 · 10�6 2 · 10�6 1 · 10�7 2 · 10�6 3 · 10�6 9 · 10�8 na na

na – not applicable; nm – not measured.
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Fig. 3. Optical microscopy images for fused silica surfaces that have been treated by a wide variety of grinding processes (Samples A–G). The images for
each sample are at various depths of removal using the wedge technique. The value in the bottom right is the depth below the original surface at which the
image was taken.

5606 T. Suratwala et al. / Journal of Non-Crystalline Solids 352 (2006) 5601–5617
single exponential dependence for the majority of the distri-
bution except near the end of the distribution where crack
density drops very rapidly, appearing like an asymptotic
cutoff. In some cases, the exponential dependence spans 4–
5 orders of magnitude (see Fig. 6(a)). Also, the overall depth
of SSD generally increases with increase in the abrasive size
of the grinding process (Fig. 6(a)). The crack length distribu-
tions are plotted in terms of cumulative number distribution
as a function of crack length. For these distributions, only
discrete cracks (non-intersecting cracks) were counted.
Again, the mean crack length for each grinding process gen-
erally increases with increase in abrasive size (see Table 2).



Fig. 4. Optical microscopy images for fused silica surfaces that have been treated by a range of grinding processes using the wedge technique (Samples H–
L). The value in the bottom right is the depth below the original surface at which the image was taken.

Fig. 5. (a) Proposed geometry and nomenclature for dimensions of an
individual trailing indent fracture. (b) Optical micrograph of a trailing
indent crack in a fine scratch that has been BOE etched (the crack length is
�10 lm).

T. Suratwala et al. / Journal of Non-Crystalline Solids 352 (2006) 5601–5617 5607
3.3. Indentation parameters for fused silica

Table 2 shows the measured indentation crack depths
for Hertzian (ch), radial (cr), and lateral cracks (c‘) as a
function of various indentation loads during Brinell or
Vickers indentation. For all crack types, once initiated,
the size of the crack increased with load. The initiation load
was very different for the three different crack types.

4. Discussion

4.1. Relationships governing SSD crack formation

Grinding of glass can be described by brittle fractures
caused by an ensemble of normally-loaded, hard-indenters
(abrasives) sliding/rolling across the surface of the glass
workpiece. The brittle fracture will lead to both material
removal and development of SSD. There are three basic
types of fractures that can occur by static indentation: (1)
Hertzian cracks [7]; (2) radial cracks [7,9]; and (3) lateral
cracks [7,9] (see Fig. 1). Hertzian cracks are cone cracks
that are created from a spherical indenter; radial cracks
are semi-circular cracks perpendicular to the glass surface
from a sharp indenter; and lateral cracks are cracks that
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Fig. 6. (a) Measured cumulative crack depth distributions for fused silica
surfaces that have been treated by a wide variety of grinding processes
(Samples A–G). The plots are semi-log plots as crack obscuration versus
crack depth. (b) Measured cumulative crack length distributions for
Samples A–G. The points represent data points and the lines represent
best fits to the data using Eq. (18).
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run generally parallel to the glass surface which are also
typically created by a sharp indenter. By their geometry,
it is clear that formation of lateral cracks will largely lead
to material removal and will contribute significantly to
the observed surface roughness. Hertzian and radial
cracks, on the other hand, will largely contribute to deeper
SSD and potentially to some material removal through the
intersection with other cracks. The relationships that gov-
ern the initiation load (Pc) to first observed fracture on
the surface have previously been described as [7,9]

P ch ¼ Ar; ð1aÞ

P cr ¼ ar
K4

Ic

H 3
; ð1bÞ

P c‘ ¼ constant; ð1cÞ

where A is Auerbach’s constant (N/m), r is the local indent-
ing radius of curvature (m), KIc is the glass fracture tough-
ness (MPa m1/2) and H is the glass hardness (GPa). The
subscripts h, r, ‘ are designations for Hertzian, radial and
lateral cracks, respectively. The initiation load for the ra-
dial crack is described in terms of the index-of-brittleness
previously described by Lawn [7].

The relationships that govern the depth of the fractures
(c) generated after initiation are given by [7,9]

ch ¼
vhP
KIc

� �2=3

; ð2aÞ

cr ¼
vrP
KIc

� �2=3

; ð2bÞ

c‘ ¼
v‘

E
H

� �2=5
P 1=2

H 1=2
; ð2cÞ

where v is the growth constant (unitless), E is the elastic
modulus for the glass (GPa), P is the applied normal load
per particle (N). The crack depths for Hertzian and radial
cracks scale as P2/3, and the crack depth for lateral cracks
scales as P1/2.

The above description assumes a static indent (i.e., a
non-moving particle on a frictionless interface). When con-
sidering grinding processes, sliding/rolling must be taken
into account and friction between the particle and the glass
surface becomes important. For a sliding sphere, which has
been analyzed by Lawn [27], the movement leads to a
change in the stress distribution such that the peak tensile
stress is at the trailing edge of the particle. Fracture at
the surface will now have the shape of an arc as opposed
to a circular ring fracture commonly observed with fric-
tionless Hertzian cone contact [11,25]. Chatter marks have
also been shown to occur from a sharp sliding indenter [26].
These chatter marks or partial cone type fractures are
referred to as trailing indent fractures in this study (see
Fig. 5(b)). The ‘trailing indent’ initiation load (Pct), the
crack depth (ct) and the crack length (Lt) for a spherical
particle are given by [27]

P ct ¼
Ar

1þ Blð Þ2
; ð3aÞ

ct ¼
vhð1þ l2Þ2P

KIc

 !2=3

; ð3bÞ

Lt ffi
1

4
p 2að Þ ffi p

2

2

3

k
E

Pd
� �1

3

; ð3cÞ

where B is a friction constant (unitless), l is the friction
coefficient (unitless), a is the contact radius for a Hertzian
contact (m), d is the ‘effective’ abrasive diameter assuming
a spherical particle (m), and k is a ratio of material con-
stants given by

k ¼
ð1� m2

pÞ
Ep

þ ð1� m2Þ
E

; ð4Þ

where m and mp are the Poisson’s ratio for the workpiece
glass and the indenter abrasive particle, respectively. E

and Ep are the Young’s modulus of the workpiece glass
and indenter particle, respectively. As the friction coeffi-
cient goes to zero, the expression become identical to the
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Fig. 7. Measured cumulative crack depth distributions for fused silica surfaces (a) as a function of load (b) with particle contamination (c) with grinding
steps performed in series. The plots are semi-log plots as crack obscuration vs crack depth. (d)–(f) Measured cumulative crack length distributions for the
same samples listed in (a)–(c). The points represent data points and the lines represent best fits to the data using Eq. (18).
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Hertzian initiation and growth relationship described ear-
lier (1a) and (2a). The frictional forces significantly reduce
the initiation load (Pct) for a trailing indent crack com-
pared to frictionless Hertzian crack. However, the growth
of a trailing indent is slightly increased with increase in
friction compared to a frictionless Hertzian crack [27].
The crack length of trailing indent fracture is simply
approximated as 1/4 of the Hertzian contact
circumference.

Fig. 8(a) plots the depths of the lateral cracks as a func-
tion of P1/2, and Fig. 8(b) plots the depth of the Hertzian
cracks and radial cracks as a function of P2/3, respectively,
as a function of load for the cracks that were created by
standard Vickers and Hertzian indentation. A reasonable



Table 2
Crack dimensions from blunt and sharp indent as a function of load

Load (N) Hertzian (blunt) Vickers (sharp)

Cone Lateral Radial

s (lm) 2a (lm) d (lm) ch (lm) c‘ (lm) cr (lm)

0.10 * *

0.25 * *

0.49 * *

0.98 * *

2.0 3.0 13.7
2.9 3.0 24.6
4.9 7.5 35.9
9.8 * * * * 13.5 53.6

19.8 * * * * 22.5 70.7
39.3 168 168 * *

58.9 191 191 27 27
78.5 234 222 60 60
98.1 389 240 105 129

128 633 257 150 241

* Indentation made, but no crack initiation observed.

Table 3
Measured indentation parameters for fused silica

Indentation parameters Variable Value
(this
study)

Literature
value

Initiation constant for Hertzian
cracks (Auerbach’s constant)

A 9.8 · 104

N/m
9 · 104

N/m [2]
Growth constant for Hertzian cracks vh 0.05 0.03 [2]
Initiation constant for radial cracks ar 1 · 106 Not

found
Growth for radial cracks vr 0.022 0.0186 [8]
Initiation constant for lateral cracks Pc‘ 1.5 N Not

found
Growth depth constant of lateral

cracks
v‘ 0.19 Not

found
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linear fit is obtained for all three sets of data, suggesting
that the observed load dependence is consistent with the
indentation growth expressions shown in Eqs. (2a)–(2c).
The x-intercept values from the linear fits were used to cal-
culate ar and A using Eqs. (1a) and (1b) and to determine
Pc‘. The slopes of the linear fits were used to calculate v‘,
vr, and vh using Eqs. (2a)–(2c). These determined values
are listed in Table 2 and compared with some literature
values.
4.2. Fraction of abrasive particles being mechanically loaded

The indentation fracture relationships described in Sec-
tion 4.1 can be used to illustrate that the fraction of abra-
sive particles being loaded and leading to fracture is quite
small. Take, for example, Sample H (9 lm loose abrasive),
and assume (1) all the abrasive particles between the lap
and the workpiece are evenly mechanically loaded; and
(2) the fill fraction of particles below the work piece is
�0.3 [28]. Since the friction coefficient is not known and
since its effect on crack depth is small (see Eq. (3b)), Eq.
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Fig. 8. (a) Lateral crack depth as a function of load1/2 to determine v‘1. (b)
determine vh and vr. The lines represent the best linear fits to the data.
(2a) is used to estimate the depth of damage for a ‘trailing
indent’ crack. For a 10-cm-diameter workpiece and a 9-
lm-diameter abrasive, the total number of particles below
the workpiece (NT) [the surface area of the workpiece times
the fill fraction (f) divided by the surface area of the parti-
cles below the workpiece] is 108. Given a total load (PT) of
25 N, the load per particle (P = PT/NT) is then 2 · 10�7 N.
Substitution of the values from Table 3 into Eq. (2a), a
crack depth of only 3.5 Å is calculated. This prediction is
�104 smaller than the measured value of cmax (6 lm). A
reasonable explanation for this discrepancy is that only a
small fraction of the particles are being loaded.

The fraction of particles being loaded for given fracture
depth (fL(c)) can be described as

floadðcÞ ¼
N L

N T

¼ vhP T

KIcc3=2
� d2

c

fd2
optic

; ð5Þ

where NL is the number of particles being loaded to get a
SSD depth of c. Using Eq. (5), fload(c) is plotted for all
the samples in which the PT (the total load) is known
(i.e., all the samples except the sandblast and the generator
grind samples) (see Fig. 9). The plots are shown for SSD
depths ranging from 0.5 lm to cmax for each of the samples.
At shallow SSD depths (say 1 lm) the fraction of the par-
ticles being loaded to cause that damage is calculated as
10�3 to 10�5. At SSD depths approaching cmax, the fraction
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of the particles is 10�5 to 10�7. In other words, to cause the
deepest SSD only 1 out of 100000 to 10 million particles is
being loaded to cause the fracture. Others have come to
similar conclusions regarding the load bearing particles
[29,30].

It is likely that the larger particles in the tail end of the
abrasive particle distribution are the load bearing particles.
Fig. 10 shows the abrasive size distribution of the 15 lm
loose abrasive (Microgrit 15T) provided by the manufac-
turer fit to a log-normal distribution. By extrapolating
the size distribution data with the log-normal fit and using
Eq. (5), a rough estimate of the size of particles being
loaded can be obtained (22–28 lm). Note that this calcula-
tion is very sensitive to the function used to fit the tail end
of the distribution; the values obtained should be used with
caution. However, this analysis does qualitatively give an
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Fig. 10. Abrasive fractional size distribution and the estimated range of
particles being loaded to cause fracture.
impression of the sizes of particles being loaded, relative
to the mean abrasive size.

4.3. SSD depth distribution shape as a function of material

removal

Two major factors that determine the shape of the SSD
depth distribution are (1) the fundamental instantaneous
distribution of cracks (fo(c)) generated at some time and
(2) the summation of the fundamental distribution of
cracks and their continued shortening with continued time
and material removal. A simple model is utilized to evalu-
ate relationships between fo(c) and the final observed SSD
depth distribution (Fc(c)).

Assume at some time (t) or amount of material removed
(D), a distribution of cracks is generated (fo(c)) (see
Fig. 11(a)). In removal increments of D, another set of
cracks of the same distribution are created but starting at
the new surface of depth i Æ D, where i is the number of
increments. For this model, previously generated cracks
are assumed not to grow. In addition, previously generated
cracks are continually made shorter and eventually
removed with each removal, resulting in a new total incre-
mental distribution of cracks given by

fcðcÞ ¼ foðcÞ þ foðcþ DÞ þ foðcþ 2DÞ � � � ¼
X

i

foðcþ iDÞ:

ð6Þ
The cumulative distribution of crack depths is then simply

F cðcÞ ¼
Z 1

c

fcðcÞdc: ð7Þ

For the present discussion we will assume that fo(c) is a
Gaussian distribution. The fundamental crack distribu-
tions for different removal increments of D are illustrated
in Fig. 11(b). Fig. 11(c) shows the resulting Fc(c) and
Fc(c) distributions using Eqs. (6) and (7) on a semi-log plot
for a large value of n (i.e., at steady state where the rate of
crack generation equals the rate of crack removal). The
cumulative crack distribution Fc(c) is representative of
the measured SSD depth distribution shown in Fig. 6(a).
The summing of fo(c) to get Fc(c) results in a linear profile
except at the ends of the distribution. This linear profile
would result regardless of the functional form of fo(c).
However, near the end of the distribution at low obscura-
tion (i.e., the deepest cracks), the shape of the distribution
Fc(c) tends to have the same basic shape or functional form
of Fc(c) and fo(c) (see Fig. 11(c)).

This fundamental distribution of cracks (fo(c)) is likely
governed by the particle size distribution of the abrasive
and the load/particle (see Section 4.4). Since the measured
data follows a single exponential, fo(c), the particles partic-
ipating in fracture distribution is also expected to be a sin-
gle exponential. This simple model implies that the deepest
cracks in the distribution are created in the last increments
(i.e., the end of grinding process). Another interesting
result from this simple model is that shape of the tail end
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of the calculated distribution appears as a single exponen-
tial using a Gaussian distribution for fo(c), which matches
the shape of the observed SSD distribution shown in Figs.
6 and 7. An exponential dependence of the SSD distribu-
tion is also obtained using various types of fundamental
distributions of cracks such as log-normal and Lorentzian.

4.4. Relationship between the crack length distribution and

crack depth distribution

Because cracks are not all the same depth, it is clear that
the load for a given particle varies. It is sensible to assume
that the larger abrasive particles bear a larger load (see Sec-
tion 4.2). Hence, the particle size distribution of the abra-
sive is related to the fundamental crack distribution
(fo(c)). This relationship, however, is complicated by many
factors such as (1) only the tail end (largest particles) of the
distribution is participating in the fracture event; (2)
agglomeration, comminution, rotating particles, and the
addition of foreign particles can occur; (3) the ability of
loaded particles to initiate fractures can change with pre-
existing fractures present on the surface (i.e., change in
the stress profile or stress intensity at the crack tip); and
(4) the roughness of the lap and workpiece as well as the
overall interface gap can alter the load/particle. Without
knowing the effects of each of these complicating factors,
the measured crack length distribution can be related to
measured crack depth distribution to determine an ‘effec-
tive’ particle size distribution (d) participating in fracture.
This ‘effective’ size distribution can then be potentially
benchmarked to the real particle size distribution as means
to estimate damage caused by different processes.
For this analysis or engineering model, all the observed
cracks leading to SSD are assumed to be trailing indent
fractures with the geometry outlined in Fig. 5(a), and their
crack growth will be approximated using the Hertzian
crack growth relationships (friction = 0). The cracks near
the surface (such as lateral cracks) are ignored. For simplic-
ity, we will assume that the surface of the lap and the work-
piece are smooth and flat, and the gap (x) is fixed and not
time varying. The particles are all assumed to be spherical.
Also, we will assume that loading time and rate effect are
not important; in other words, the lap and workpiece are
treated as purely elastic materials. The load/particle is
assumed to be proportional to the depth of penetration
of the particle in the lap or the workpiece. In other words
for a fixed gap (x), it is the vertical dimension of the parti-
cle, which for spherical particles is just the ‘effective’ parti-
cle size (d), that is directly proportional to load (see
Fig. 12). The linear dependence of load with particle size
has also been used in other grinding models [3,29,30].
The load for a given ‘effective’ particle size (d) is then
defined as

PðdÞ ¼ P T

N L

d
dc

� �
ð8Þ

where PT is the total applied load on the part, NL is the
number of particles being loaded on the workpiece, and
dc is the mean particle size of the used abrasive. Then by
substitution of Eqs. (2a), (3c), and (8), the ‘effective’ spher-
ical particle size for a given crack length is determined as

dðLÞ ¼ L3=2 2

p

� �3=2
3EN Ldc

2kP T

� �1=2

; ð9Þ



Fig. 12. Schematic of the working model to describe the development of
SSD during grinding.
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and the crack depth for a given crack length is determined
as

c ¼ L
X
; ð10Þ

where,

X ¼ p
2

KIc

vh

� �2=3
2kNdc

3EP T

� �1=3

: ð11Þ

Eq. (10) suggests that the crack length is linearly related to
crack depth for a constant X. Hence deeper cracks will
have longer crack lengths.

As a means to test the above formalism, the measured
crack length distribution will be used to describe the crack
depth distribution. First, the process of converting from
cumulative crack length distribution (FL(L)) (Fig. 6(b)) to
cumulative crack depth distribution in terms of obscura-
tion (O(c)) (Fig. 6(a)) will be described generically. From
FL(L) it is straightforward to obtain the fractional crack
length distribution (FL(L)) as

fLðLÞ ¼
oF LðLÞ

oL
; ð12Þ

which is simply a description of the fraction of cracks with
lengths within a crack length range of oL. The fractional
‘effective’ particle size distribution (fd(d)) and fractional
crack depth distribution (Fc(c)) can be determined:

fdðdÞ ¼ fLðLÞ
oL
od

ð13Þ

and

fcðcÞ ¼ fdðdÞ
od
oc
: ð14Þ

The fractional crack depth distribution (Fc(c)) will have
units of #/area; however the measured depth distribution
is in terms of obscuration. The fractional crack depth dis-
tribution in terms of obscuration (o(c)) can be then de-
scribed as
oðcÞ ¼ fcðcÞwnLðcÞ; ð15Þ

where w is the width of the crack (lm), n is the surface
crack density (cm�2), and L(c) is the crack length as a func-
tion of crack depth which can be obtained from simply
rearranging Eqs. (10) and (11). The measured SSD depth
distribution is a cumulative distribution in units of obscu-
ration or crack area fraction, which is given by

OðcÞ ¼
Z cmax

c

oðcÞdc: ð16Þ

The cumulative nature of the measured depth distribution
arises because the microscope images are taken of a given
surface shows all the cracks at that depth and deeper into
the surface.

The process described above for converting from FL(L)
to O(c), is shown in generic form and makes no assumption
of the functional form of the FL(L). We find that FL(L) fits
well to the data using a single exponential (see Fig. 6(b)) in
the form of

F LðLÞ ¼ 1� A exp
�L
hLi

� �
; ð17Þ

where A is constant and hLi is the mean crack length (see
Table 1 for values). Eq. (17) is bound between L = Lmin

and L = Lmax. Lmin is the minimum detectable crack size
for the microscope images taken (Lmin = 2 lm for all sam-
ples except Sample F for which Lmin = 0.5 lm because
images were taken at higher magnification). Lmax was
determined from the data plotted in Fig. 6(b) and its values
are reported in Table 1. Note, as discussed in the previous
section, that the average crack length (hLi) is unique for
each given grinding process. By assuming this functional
form for FL(L) (Eq. (17)) and performing the conversion
to O(c) described above, the resulting form of the SSD
crack depth distribution in terms of the crack length distri-
bution parameters is then

OðcÞ ¼ AwnX cþ hLi
X

� �
exp

�cX
hLi

� �

� Awn Lmax þ hLið Þ exp
�Lmax

hLi

� �
; ð18Þ

where the first term describes the initial depth distribution,
which is roughly a single exponential, and the second term
is a constant related to the maximum depth of the SSD
(cmax). cmax can also be calculated directly as

cmax ¼
Lmax

X
: ð19Þ

To check the consistency of the above formalism, we fit
the measured SSD depth distribution using Eq. (18). The
following values were used as known parameters:
k = 0.65, E = 72.7 GPa, vh = 0.034, KIc = 0.75 MPa m1/2,
w (see Table 1), dc (see Table 1), A (see Table 1), and hLi
(see Table 1). Lmax is also a known measured parameter,
but will be used as a fitting parameter and then compared
to the measured results. The two remaining parameters,
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PT/NL (average load per loaded particle) and n (number
density of cracks on the surface) were used as the fitting
parameters for each sample. The best-fit values for these
parameters for Samples A–G and K–L are shown in Table
1 and plotted in Fig. 6(a) and (b). Except for the 9-lm-
loose abrasive (Sample F), the values for n ranged from
2.5 to 40 · 105 cm�2 and the values for PT/NL ranged from
6 to 1400 · 10�4 N. Also, the average load per loaded par-
ticle generally increased and the number density of surface
cracks generally decreased with increase in abrasive size;
both are trends that would be expected. A similar exercise
was performed for Samples H–J as described above. How-
ever, the crack length distribution fit better to a double
exponential. The results for these samples are also summa-
rized in Table 1.

Using the engineering model described above, the ‘effec-
tive’ particle size distribution participating in fracture can
be calculated. Substituting Eqs. (17), into (12) and (13),
we get

F dðdÞ ¼
A
hdi exp

�d
hdi

� �
; ð20aÞ

where hdi is the mean abrasive size participating in the
fracture

hdi ¼ hLi3=2 2

p

� �3=2
3EN Ldc

2kP T

� �1=2

: ð20bÞ

The calculated ‘effective’ particle size distribution is
shown in Fig. 13 and the calculated values for hdi are listed
in Table 1. Except for the sandblast (Sample A) and the
7 lm fixed abrasive (Sample G), hdi was found to scale lin-
early with the mean abrasive size with a ratio of �10–11
(see Table 1). This relationship may serve as a connection
between process parameters and SSD.

Remember, the ‘effective’ size distribution differs from
the real abrasive size because of all the factors listed in
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Fig. 13. Calculated ‘effective’ particle size distributions participating in the
surface fractures using the measured crack length distributions for
Samples A–G and Eqs. (20a) and (20b).
the beginning of this section. Also, the ‘effective’ size distri-
bution assumes all the particles are spherical. In fact, most
abrasives are not spherical, but more oblate (plate like).
Hence, the size of the particle is related to the radius of cur-
vature by some shape factor s (i.e., d = s2r). For spherical
particles s = 1 and for particles more plate like s < 1.

Fig. 14 is a plot comparing Lmax (measured) and Lmax

(fit) used to determine the best fit of Eq. (18) to measured
depth distribution data. The measured Lmax deviated from
the fit value of Lmax where fit Lmax was noticeably higher;
however, there was a linear relationship between the two.
Our measurement of Lmax is dependent on the quantity
of cracks evaluated and hence is not a robust value; Lmax

(measured) was typically calculated from a data set of
300–12000 cracks. However, Lmax (fit) is related to cmax

which occurs at obscuration levels of 10�6 or one out of
a million cracks. The difference between the measured Lmax

and the fit Lmax may be simply due to the fact that not
enough cracks were characterized.
4.5. Relationship of roughness and average crack length to

the maximum SSD depth

Fig. 15(a) is a plot which shows a linear correlation
between maximum SSD depth (cmax) and surface rough-
ness (d) with a proportionality constant (kmax) of 49. The
values of kmax have been measured by others for fused sil-
ica and other glasses: Preston (�3) [14]; Aleinkov (�4) [13];
Lambropoulos (<2) [19,32]; Randi (1.4) [22] and P. Hed (5–
8) [21]. This proportionality between SSD and roughness is
often used by opticians to estimate the amount of SSD for
a given grinding process using the measured roughness.
However, it is difficult to compare results, since the value



0 20 40 60 80 100
0.0

0.4

0.8

1.2

1.6

2.0

2.4

"W
ei

g
h

te
d

" 
R

o
u

g
h

n
es

s,
 n

=4
 (

μm
) 

Subsurface Damage Depth, cmax (μm)

Subsurface Damage Depth, cmax (μm)

cmax = 49 δ

01 02 03 04 05 06 07 08 0
0

5

10

15

20

25

30

M
ea

n
 C

ra
ck

 L
en

g
th

 (
<L

>)
 (

μm
) 

cmax = 2.8 <L>

<c> = 0.35 <L>

Fig. 15. (a) Correlation of the maximum SSD depth (cmax) with surface
roughness. (b) Correlation of maximum SSD depth (cmax) and the average
SSD depth (hci) with the measured mean crack length (hLi).

Fig. 16. Illustration between SSD depth and surface roughness.
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of the measured roughness is subject to large variations
depending on the method of measurement (e.g., profilome-
try vs white light interferometry), the spatial range mea-
sured, the length of the surface or area measured, and the
calculation method. Most [19,22,21] have found that the
peak-to-valley roughness (dPV) (the highest height minus
the deepest valley) as opposed to average or rms roughness
[31] provides the best correlation to SSD depth. However,
the (dPV) measurement is very sensitive to the length of the
scan and the position of the surface measured. Our mea-
surements of dPV often range ±40% upon repeated mea-
surements of the same sample. One method to calculate a
roughness that is more repeatable and still emphasize the
higher amplitude features on the surface is to use

d ¼ 1

L

Z L

0

yðxÞn
�
dx

� �1=n�

; ð21Þ

where y(x) is the surface topology (y is the height/ampli-
tude and x is the distance along surface). For larger even
values of n*, the value of d emphasizes the higher amplitude
features. When n* = 2, the d is the same as the root-mean-
square (rms) roughness. Using n* = 4, emphasized the
higher amplitude features as well as reduced the repeatabil-
ity error to ±12%; this measure of roughness also leads to a
good correlation with SSD depth (see Fig. 15(a)).

The relationship between surface roughness and SSD
depth can be thought of in terms of the relationship
between lateral crack depth and trailing indent crack depth
(see Fig. 16) [32]. The higher amplitude features on the sur-
face can be thought of as isolated lateral cracks. Assuming
the surface roughness (d) (calculated using Eq. (21)) is
equal to the lateral crack depth (c‘), the proportionality
constant (kmax) using Eq. (2c) is then

kmax ¼
cmax

d
cmax

c‘
¼ cmax

v‘ðE=HÞ2=5ðP T=NLÞ1=2

H1=2

: ð22Þ

Substituting in values for PT/NL from Table 1, we get
kmax values ranging from 25 to 39; the measured value of
kmax was 49.

Fig. 15(b) is a plot showing the correlation of the aver-
age crack depth (hci) and the maximum SSD depth (cmax)
with mean crack length (hLi). Both measures of SSD depth
correlate linearly with the mean crack length, as predicted
by Eq. (10) assuming X is fairly constant. The values of X
were essentially constant (values between 3 and 5) for Sam-
ples A–G. The relationship between crack length and crack
depth has some important practical consequences. Upon
measuring the length of a crack on a work-piece, one can
estimate its depth. According to Fig. 15(b), on average,
the crack depth will be 37% of the length; however the
crack could be as deep as 2.8 times the crack length.

4.6. Effect of load, particle contamination, and crack growth

Fig. 7(a) and (d) shows the crack depth and length dis-
tributions, respectively, of a series of 9 lm loose abrasive
grinding processes performed at three different loads
(25 N, 220 N, 580 N). With an increase in load, the crack
depth and crack length increased. Also, with an increase
in load, a second kink in the SSD depth distribution
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appears which was not observed at the lower load. This
suggests a second distribution of particles is being loaded
and causing fracture or some fraction of particles are load-
ing differently and fracturing by another mechanism.

Fig. 7(b) and (e) shows the crack depth and length dis-
tributions for the 9 lm loose abrasive (Sample F), 15 lm
loose abrasive (Sample D), and 9 lm loose abrasive con-
taminated with 0.1 wt% of the 15 lm loose abrasive (Sam-
ple J). The SSD depth increased significantly with the
addition of this contaminant. Interestingly, a small amount
of contaminant in Sample D led to SSD that was similar to
using the than the 15 lm loose abrasive alone (Sample D).

Fig. 7(c) and (f) shows the crack depth and length distri-
butions for generator and samples: 120 grit (Sample B), 150
grit (Sample C), 120 grit followed by the 150 grit (Sample
K), and 120 grit, etching, then followed by the 150 grit
(Sample L). The intention of this series of samples was to
determine if cracks from a previous process would grow
and change the SSD depth distribution with respect to per-
forming only the last step in the process. Also, if they do
grow, does blunting the cracks by etching affect the ability
of these cracks to grow? For Samples K and L, �100 lm of
material was removed during the 150 grit generator process
to ensure that the removal was greater than the SSD dam-
age caused by the 120 grit generator process. By examining
Fig. 7(c), Samples K and L did not show any significant
difference in the SSD depth distributions compared to
Sample C. This suggests, to first order, that cracks that pre-
existed in the 120 grit process did not grow any deeper than
the cracks that are caused by the 150 grit process alone.
Also, note that mean crack length of Sample K is similar
to that of Sample C and quite different from Sample B.
This suggests that the abrasive particles of the 150 grit
are often either initiating new cracks or propagating the
pre-existing crack at crack length that match the 150-grit
abrasive.

5. Conclusions

The SSD depth and length distributions for various
grinding processes have been directly measured and statis-
tically evaluated. The observed surface cracks are charac-
terized as near-surface lateral and deeper trailing indent
type (i.e., chatter marks) fractures. The length of the trail-
ing indent is strongly correlated with a given process. The
SSD distributions are typically described by a single expo-
nential distribution followed by an asymptotic cutoff in
depth (cmax). Using fracture indentation relationships, it
is shown that only a small fraction of the abrasive particles
are being loaded and participating in the fracture, and it is
the larger particles in the abrasive particle size distribution
that bear the higher loads. Using a mechanical model to
describe the grinding process, the measured crack length
distribution has been related to the crack depth distribu-
tion. This correlation, has also allowed for estimating the
‘effective’ particle size distribution participating in fracture,
whose particle sizes are �10 times the mean abrasive parti-
cle size. The maximum SSD depth was found to correlate
with both the mean crack length and the measured surface
roughness. The ratio of cmax/d was found to be 49. Also,
the observed relationship between the mean crack length
and the maximum SSD depth, can be utilized as a rule-
of-thumb to non-destructively estimate the depth of SSD
by measuring the crack length of an individual SSD defect.
For grinding performed in sequence, the SSD depth distri-
bution did not noticeably influence the SSD caused from
the previous grinding step provided that material removal
exceeded the SSD depth of the previous step. A small
amount of contaminant of larger abrasive particles can
greatly increase the SSD depth.
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